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Abstract. Mourre's commutator theory is a powerful tool to 
study the continuous spectrum of self-adjoint operators and to de- 
velop scattering theory. We propose a new approach of its main 
result, namely the derivation of the limiting absorption principle 
(LAP) from a so called Mourre estimate. We provide a new inter- 
pretation of this result. 
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1. Introduction 



In the beginning of the eigthies, Mourre's commutator theory was de- 
veloped in [Ml to show absolute continuity of the continuous spectrum 
of iV-body Schrodinger operators and to study their scattering theory 
(cf. jABGl IHuS] ). In particular, one wanted to show their asymptotic 
completeness and the Mourre estimate (cf. (jl.ll) ) played a crucial role 
in the proof (cf. |DG1 IHuSj ) . Now, Mourre's commutator theory is 
fundamental tool to develop the stationary scattering theory of general 
self-adjoint operators. We refer to 'ABC, 'DG] for details. We point 
out that the theory is still used (see^ [BGHM, CGHl Ell IHTToj . for in- 
stance) and that there were new developements to apply it to quantum 
field theory (cf. |(;(;M1[ innM2] ). The theory uses a so called differ- 
ential inequality technics, that is quite magic and mysterious (to us at 
least). In this paper, we propose a new approach and interpretation of 
the theory. Since the original method has been developed to a rather 
sophisticated level (cf. |ABG| IHGMH 15]). we did not try to optimize 
our approach and to give new results, but to focus on an intermediate, 
interesting situation. However, Theorem 11.41 gives an extension of re- 
sults in P EHH]. We point out that our new approach of Mourre's 
commutator theory is an adaptation of a strategy to get semiclassi- 
cal resolvent estimates for Schrodinger operators. This strategy was 
introduced by the second author in UT\ and further used in |GJ1 IJ2j. 

To enter into the details of our approach, we need some notation and 
basic notions (see Subsection 12.11 for details). We consider two self- 
adjoint (unbounded) operators H and A acting in some complex Hilbert 
space . Let || ■ || denote the norm of bounded operators on J^. We 
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shall study spectral properties of H with the help of A. Since the 
commutator [H, iA] is going to play a central role in the theory, we need 
some regularity of H with respect to A to give an appropriate sense to 
this commutator. Since H is self-adjoint, its spectrum is included in 
M. Given /c G N, we say that H G C^{A) if for some (and thus for all) 
z ^R, for all / G ^, the map R3t^ e'^^{H - zy^e'^^^f G has 
the usual C'' regularity. Let H G C^{A) and X be a bounded interval 
of M. We say that the Mourre estimate holds true for if on X if there 
exist c > and a compact operator K such that 

(1.1) Ej{H)[H,iA]Ex{H) > cEj{H) + K, 

in the form sense on J^x Jff. Here Ex{H) denotes the spectral measure 
of H above X. 

Remark 1.1. Let / G ^ and A G X with Hf = A/. Then E j{H)f = f. 
Assume that H G C^{A). The Virial theorem (cf. |ABGt Proposition 
7.2.10]) implies that (/, [H,iA]f) = 0. If dHH) holds true with K = 
then / must be zero and there is no eigenvalue in X. If (|l.ip holds true 
then the total multiplicity of the eigenvalues in X is finite (cf. [ABG| 
Corollary 7.2.11]). A weaker version of this result is due to Mourre in 
[M] . For a general discussion on the Virial theorem see 

The main aim of Mourre's commutator theory is to show the limiting 
absorption principle (LAP) on some bounded interval X in M. Given 
such a X and s > 0, we say that the LAP, respectively to the triplet 
(X, s, A), holds true for H if 

(1.2) sup \\{A)-'{H - z)-\A)-'\\ <oo. 

Theorem 1.2. Let H G C'^{A), 1 he a hounded, open interval, and 
s > 1/2. Assume the strict Mourre estimate, i. e. p.lj) with K = 0, 
holds true. Then, for any closed suhinterval X' of X, the LAP for H 
respectively to (X', s, A) holds true. 

Remark 1.3. Assume the Mourre estimate (jl.ip holds true on X with 
K ^ 0. Then, on small enough intervals outside the point spectrum 
(jpp{H) of H, which is finite by Remark 1 1.11 the strict Mourre estimate 
(ll.lj) with K = holds true (cf. [ABG ) and Theorem 11.21 applies 
there. Putting all together, this yields the LAP on any compact subset 
oiX\app{H). 

Compared with previous results, we do not need that the domain T>{H) 
of H is invariant under the Co-group generated by A (i.e. the propaga- 
tor of A) or that H has a spectral gap (cf. ^ABGJ ). The main reason 
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for this comes from the fact that we do not work with H itself but with 
a focal version of H, which is a bounded operator. This explains also 
why we can replace the global regularity assumption H G C'^{A) by a 
local one and get a stronger result, namely Theorem 12 .71 The latter 
is covered by Sahbani's result in |S| (cf. Remark [2 .Sp . Motivations for 
Theorem 12.71 are given in Remarks 12.81 and 12.91 In Subsection 12.51 we 
give a sketch of the proof of Theorem 12 . 71 and present our interpretation 
of Mourre's commutator theory, which is close to the interpretation of 
Remark 11.11 We do not use the usual differential inequality technics. 

In some sense. Theorem II .21 fand also Theorem 12. 7|) is not satisfactory 
(cf. Subsection 14. 1|) and one wishes to replace the resolvent {H — z)~^ 
in fjl.2|) by the reduced resolvent, namely {H — z)~^P-^, where P-^ = 
1 — P, and P is the orthogonal projection onto the pure point spectral 
subspace of H. For s > 0, we say that the reduced LAP, respectively 
to the triplet (X, s, A), holds true for H if 

(1.3) sup \\{A)-'{H -z)-^P^{A)-'\\ <oo. 

Theorem 1.4. Let H G C'^{A), I be a bounded, open interval and let 
s > 1/2. Assume the Mourre estimate p.l|) holds true on I. Assume 
also that the range KanPEj of PEj is included in the domain P(A^) 
of A^ . Then, for all closed intervalX' included in the interior ofl, the 
reduced LAP ()1.3|) . respectively to (T', s. A), holds true for H . 

A similar result appears in [CGH . The authors assume a stronger 
regularity (essentially like H G C^{A)) that implies Yia.nPEx C P(y4^), 
by [d , and then show (jl.3|) . The latter result and Theorem 11.41 ac- 
tually work with weaker, "local" assumptions as shown in Proposi- 
tion 14.11 and Theorem 14.31 As mentioned before, this local version of 
the result might be important (cf. Remarks 12.81 and 12. 9|) . In |CGHj . 
some Holder continuity of the boundary values of the reduced resolvent 
]Sm.^^Q+{A)~^{H — A — ie)~'^P-^{A)~^ is obtained. In Remark 14.61 we 
explain how to get this under "local" assumptions, using jSj. 
We point out that our proofs of Theorems 11.41 and 14.31 is a quite im- 
mediate generalization of our proofs of Theorems 11.21 and 12.71 We also 
give an alternative proof of Theorem 14.31 which is close to the corre- 
sponding proof in |CGHj . Notice further that. Theorems 14.31 works 
under a projected Mourre estimate ()4.28|) . that is weaker than (ll.lj) . In 
Subsection 14.51 we illustrate this difference with an artificial but inter- 
esting example, for which the reduced LAP ()1.3|) holds true and the 
usual Mourre estimate (jLip is false. This example is however related 
to the situation in |DJj . 
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Paper's organisation: In Section |21 we introduce the main tools of 
our new approach. Admitting Theorem 12.71 we prove Theorem 11.21 in 
Subsection 12.21 Section El is devoted to the proof of Theorem 12.71 In 
Section we prove Theorems 11.41 and 14.31 on the reduced resolvent. 
Technical tools are collected in Appendices [Xj |B1 and IHl 

Acknowledgments: We would like to thank Jan Derezihski, Vladimir 
Georgescu, Jacob S. M0ller, and Francis Nier for helpful discussions. 
The two authors were partially supported by the contract MERG-CT- 
2004-006375 funded by the European commission and the first one 
was also supported by the Postdoctoral Training Program HPRN-CT- 
2002-0277. The second author thanks the members of the Institut of 
Mathematics "Simion Stoilow" of the Romanian Academy in Bucharest 
for their kind hospitality. 

2. A NEW APPROACH OF THE LAP. 

We explain in this section our strategy to prove Theorem 12 . 71 below, a 
stronger version of Theorem 11.21 

2.1. Basic facts and notation. In this subsection, we introduce some 
notation and recall known basic results. We refer to |ABGj for details. 

In the text, we use the letter X to denote an interval of M. For such a 
T, we denote by X (resp. T) its closure (resp. its interior). The scalar 
product (■, ■) in is right linear and || ■ || denotes the corresponding 
norm and also the norm of bounded operators on ^ . If T is a bounded 
operator on and /c e N, we say that T e C^{A) if, for all / G Jf', the 
map 'K3 t ^ ^itAj^ ^-itA j ^ ^ ■\^^^ usual regularity. It turns 
out that T G C^i^A) if and only if, for a z outside the spectrum of T, 
iT-z)-^ e C'iA). For such T, T e C^{A) if and only if the form [T,A] 
defined on 'D{A) x 'D{A) extends to a bounded operator ad\(T) = [T, A] 
if and only if T preserves T^IA) and the operator TA — AT, defined on 
Vi^A), extends to a bounded operator in . Furthermore T G C'^(A) 
if and only if the iterated commutator ad^(T) := [ad^~^(T), A] are 
bounded for p < k. In particular, for T G C^{A), T G C^iA) if and 
only if [T, A] G C^{A). For unbounded self-adjoint operator, we defined 
the C''{A) regularity in Section [H Let H is (unbounded) self-adjoint 
operator and X a bounded interval. Recall that Ej{H) denotes the 
spectral projection of H above X. If if G C^{A) then the form [if, iA] 
defined on lv{H) nV{A)) x (^'(ii') n V{A)) extend to a bounded 
operator from T>{H) to its dual for the graph norm. In particular, (jl.lj) 
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makes sense. A justification of Remark |l. 31 can be found in |ABGj but 
we give it in the proof of Ttieorem 11.41 (for P = 0). Tlie following 
propositions and remark will be useful later. 

Proposition 2.1. For f,g & ^(^); the finite rank operator : 
h {g,h) ■ f belongs to C\A) and [\f){g\,A] = \f){Ag\ - \Af){g\. 
In particular, if f,g G T>{A^), \f){g\ G C'^{A). If P is a finite rank 
projection, the range of which is included in V{A^) with /c e N, then 

P e C'iA) 

Proof. Since R := preserves I^IA), the commutator [|/)(5f|, A] is 

well defined on A) and [|/) (^|, A] = |/) A/) (^|, which extends 
to a bounded operator. Thus R G C^{A). Applying the first result to 
[R,A], \f){g\ G C\A) if f,g G ©(A^). Since P = Ei<„<iv l/n)(/nl 
with G N, an induction argument gives the last result. □ 

Proposition 2.2. Let {Tn)n be a sequence of bounded operators such 
that, Tn G C^{A), for all n, and such that there exist bounded S,T such 
that Tn ^ T and [Tn,A] S in the norm topology. Then T G C^{A) 
and S = [T, A] . 

Proof See Lemma 2.5 in |(4(4Mlj . □ 

Remark 2.3. The LAP, respectively to (X, 0,^4), holds true for H if 
and only if H has no spectrum in X. The LAP for H, respectively to 
(X, s, A), implies the LAP for H, respectively to (X, s', A), for any s' > 
s. For H = —A the Laplace operator in M'^ and A the multiplication 
operator by (x), it is known that LAP for H, respectively to (X, s, A), 
holds true if and only if s > 1/2 (cf. [H]). 

2.2. Local regularity and main result. In Theorem II. 2[ the LAP 
p.2p and the Mourre estimate ()1.H) are localized in H. It is quite 
natural to try to replace H and the global assumption H G C'^{A) by 
some local version. By .ABGj, we have 

Proposition 2.4. Let if G C^(]R). Suppose H G C^{A) for a certain 
A; G N. Then, <^{H) G C^{A). 

For any r G C^(R), we define the bounded operator 
(2.4) := Ht{H). 

It turns out that we can deduce the LAP for H respectively to (X, s, A) 
from the LAP for Hr respectively to (X, s,A), if t = 1 near X, as seen 
in Proposition 12.131 below. Thus Hr is a good local (and bounded) 
version of H. From Proposition 2.1], we pick the following 
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Lemma 2.5. Letl he hounded, open interval. Suppose that H G C^{A) 
and that the Mourre estimate holds true on X. Take 9 G 

and T G C^iM.) such that r9 = 9. Then G C^{A) and 

(2.5) 9{H)[Hr,iA]9{H) > c9\H) + 9{H)K9{H). 

Proof. By Proposition ITU G C\A). For / G V{A9{H)), 

{H9{H)f, iA9{H)f) - {zA9{H)f, H9{H)f) > c\\9{H)ff + (/, Kf). 

Now, use that H9{H) = Ht{H)9{H). Finally, V{A9{H)) is dense in 
since 9{H)A is closed with a dense domain. □ 

Remark 2.6. In general, one should not expect a "real" Mourre estimate 
for Ht- of the form 

<f{H,)[H,,tA]<f{H,) > Gp\Hr) + K, 

for a certain function (f which satifies the same hypothesis as 9 in 
Lemma f2. 51 Indeed, since G supp0, there is no such function ip such 
that ip{tT{t)) = 9{t) for all t G M. 

Given an open interval X and /c G N, we say that H is locally of class 
C^{A) on X, we write H G C|(A), if, for all G C;?°(X), i^{H) G ^^(/l). 
This is a local version of the regularity C^[A) which was already used 
in|E]. 

Proof of Theorem II. 2t Let X" be open such that X C X". By 
Lemma 1231 H G C|„(A). Let r G C~(X") such that r = 1 near X. Let 
Xi be closed such that X' C Xi and Xi C X. Let 6* G C^(X) such that 
= 1 on Xi . By Lemma 12.51 and , we derive ()2.5p , which implies 

Ej,{H)[H,,iA]Ej,{H) > cEj,{H)+0, 

since = 1 on Xi. Thus Theorem 12.71 below applies yielding the LAP 
for H respectively to (X', s,A). □ 

So the proof of Theorem 11.21 reduces to the proof of the following 
stronger result, which is our main result. 

Theorem 2.7. Letl he a hounded, open interval. Letl" he an open 
interval such that I dl" . Let H G Cj„{A) and r G C^{I") such that 
T = 1 near X. Suppose the strict Mourre estimate 

(2.6) Ej{H)[H^,iA]Ej{H) > cEx{H), with c> 0, 

holds true. Then, for any s > 1/2 and any compact interval I' with 
X' C X, the LAP respectively to (X', s. A) holds true for Hr and H . 
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Proof. See Subsection IXD fand Subsection 12.51 for a sketch). □ 

Remark 2.8. In gj, the previous result is proved under a weaker focal 
regularity assumption (slightly stronger than Cj„{A)), using Mourre's 
differential inequality technics. Furthermore, an example of multipli- 
cation operator H and of conjugate operator A is given such that 
H ^ C^{A) but H e C\{A), for some J. 

Remark 2.9. Assume that Theorem 11.21 applies to some operators H 
and A on some interval X. Let I" be open such that I C X". Let 
if : M — > M be a borelian, increasing function such that, for all t G X", 
(p{t) = t. Then Theorem 12.71 applies with H replaced by ip{H). Since 
ip may be irregular outside X", we do not know if f{H) G C^{A), so if 
Theorem 11.21 applies to (p{H). 

2.3. Special sequences and the LAP. In this subsection, we intro- 
duce our main tool and its properties. We proceed like in |Jl] and use 
the terminology appearing in this semi-classical setting. 

Definition 2.10. A special sequence {fn,Zn)n for H associated to 
(X, s, A), as in (jl.2p . is a sequence G (T>{H) x C)^ such that, 

for certain A G X and rj > 0, J 3 Re(z„) — > A, 7^ lm{zn) 0, 

\\{A)-^fn\\ ^VAH- Zn)fn G V{{AY), and \\{AY{H - Zn)fn\\ ^ 0. 

The limit rj is called the mass of the special sequence. 

We give the link between this notion and the LAP in 

Proposition 2.11. Given s > and a compact interval 1, the LAP 
for H respectively to (X, s. A) is false if and only if there exists a special 
sequence {fn, Zn)n for H associated to (X, s. A) with a positive mass. 

Proof. Suppose the LAP to be false. There exist a sequence {kn)n of 
nonnegative numbers, going to infinity, a sequence of non-zero 

elements of J^, and a sequence {zn)n of complex numbers such that 
Re(2;„) G X, 7^ Imi^Zn) 0, and 

(2.7) \\{A)-\H -ZnY^Ay'^gnW = k^Wg^W =1. 

Setting fn = {H- Zny'{A)-'gn, fn e V{H), {H - G V{{Ay), 

and, by (IZ7I) . 

\\{A)-'fn\\ = land \\{AnH-Zn)fJ =l/k„,^0. 

Up to a subsequence, we can assume that Re{zn) ^ A G X. Now, we 
assume the LAP true and consider (/„, Zn)n, a special sequence for H 
associated to (X, s, A). By ()1.2|) . there exists c > such that 

\\{Ar'fn\\ < c\\{Ay{H-Z^^)fn\\. 
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This implies rj = 0. □ 
The previous resuh can be partially localized in energy. 

Proposition 2.12. Let (X, s, A) be a triplet as in ()1.2|) with < s < 1. 
Let I" be open such that! C T" and H e C]-„{A). Let 9 E Cf'(M) such 
that 6 = 1 near X. Let : M — >■ M borelian such that, for t G supp6', 
ip{t) = t. Let {fn, Zn)n bc a special sequence for H associated to (X, s, A) 
with mass rj. Then, writing 6 = 1 — 9, 

(1) 6{H)fn tends to 0, 

(2) {6{H)fn, Zn)n is a special sequence for (p{H) associated to 
(X, s, A) with mass rj. 



Proof. Since 

\\0{H)fJ < \\diH)iH-Zr,)-\A)-^\ ■ \\{AnH-Zr,)fJ 

and since t 6{t)l{t — Zn) is uniformly bounded in n, ||6'(if)/„|| tends 
toO. Since s>0, \\{A)-'e{H)fn\\ ^ and therefore \\{A)-'d{H)fn\\ 
r]. Since H e C^„{A), e{H) G C\A). Since s < 1, \\{Aye{H){A)-'\\ is 
bounded, by Proposition IB. 21 Now, 



\\{An^{H)-z^)e{H)fJ < \\{Aye{H){A)-'\\ ■ \\{AnH-z^)fJ 

which tends to 0. □ 
Now we can perform the reduction to some Hr (cf. ()2.4|) ). 

Proposition 2.13. Let (X, s, A) be a triplet as in ()1.2p with < s < 1. 
Let Z" be open such that X C X" and H G C^„{A). Let t G C^iT") 
such that T = 1 near I. If the LAP respectively to (X, holds true 
for Ht- then it holds true for H . 



Proof. By contraposition, the result follows from Propositions 12.111 
and 1211 □ 

Remark 2.14. There is another proof of Proposition 12.131 Let 9 G 
C^(M) with ^ = 1 near X and t9 = 9. Then, using a Neumann serie 
for 1^1 large enough and 2; ^ M, we can show that {H — z)~^9{H) = 
[Ht- — z)'^9{H). By analyticity, this holds true for z ^ M. Therefore, 
if the LAP respectively to (X, s, A) is true for Hr so is it for H, since 
{Ay9{H){A)-' is bounded. 
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2.4. A Virial-like Theorem. In Remark 11.11 we recalled the Virial 
Theorem. Our approach is based on the following Virial-like result. 

Proposition 2.15. Let {fn, Zn)n be a special sequence for a bounded, 
self-adjoint operator Hf, respectively to (X, s, A), as in ()1.2|) with s > 0. 
For any bounded borelian function (p, 

lim {fn,[H,,(P{A)]f^) = 0. 

n— >oo 

Proof Since [H,,<j){A)] = [H, - 

{fn,[Hk,(P{A)]fn) = 2zlm{zn){fnA{A)fn) 

By Definition 12. 10^ there exists C > such that 

< CU{A)\\-\\{AY{H,-Zn)fn\\ -> 0. 

Similarly, lim(</)(A)*/„, (i/^ - = 0. By Definition EH 

Im(2;„) ■ = Im(/„, {Hk - Zn)fn) 

= \m{{A)-'fn,{AY{H,-Zn)fn) 0. 

n— »oo 

Since 

\lm{zn){fnA{A)fn)\ < |Im(z„)l ■ ll/nf ' I|0(^)I|, 
we obtain the desired result. □ 

Remark 2.16. If Hh is not bounded, Proposition 12. 15l works, provided 
the commutator [Hb, (p{A)] is considered as quadratic form. 

2.5. Sketch of our proof and interpretation. To prove Theo- 
rem 12.71 we only need to show the LAP for H^- on X' by Proposi- 
tion 12.131 In view of Proposition 12.111 we consider a special sequence 
{fn,Zn)n foT Hr associated to the triplet {I,s,A), with s > 1/2, 
and we show that rj = 0. By Remark 12.31 we may assume that 
s g]1/2;2/3[. For R > 1, let X^^ + X^j = 1 be a smooth par- 
tition of unity on M with localized in {t G M; |t| < 2R}. It 
suffices to show that lim/j__,oo limsup^^o^ = and 
lim^j^oo limsupn^o^ ||Xij(A)(y4)^'^/„|| = 0. From the strict Mourre 
estimate ()2.6p . we deduce ()2.5|) with K = 0. We apply the latter 
to Xji{A){A)~'^ fn. After several commutations, the use of Proposi- 
tion and the use of the assumption s > 1/2, we find some e > 
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such that, for all i? > 1, 

(2.8) limsup \\XR{A){A)-'fJ = 0{R-'). 

n— >oo 

Next we apply the Mourre estimate ()2.5|1 to XR{A)fn. After several 
commutations, the use of Proposition 12. 15^ and the use of ()2.8j) . we get 
limij^oo lim sup„_^o^ = 0. Since s > 0, we obtain the desired 

results yielding r] = 0. 

This proof provides the following new interpretation of Theorems 11.21 
and 12.71 The strict Mourre estimate excludes the existence of a special 
sequence of positive mass, yielding the LAP, in a similar way as it 
excludes the existence of a bound state in Remark 11.11 Our Virial-like 
Theorem plays the role of the usual Virial Theorem. 

3. A NEW PROOF OF THE LAP. 

Here we complete the proof of Theorem 12 . 71 sketched in Subsection 12.51 
We assume the assumptions of Theorem 12.71 satisfied and take some 
interval J' C J. Let 9 E C^iT) with 6* = 1 on T. Applying 9{H) 
on both sides, we deduce from ()2.6p the strict Mourre estimate fl2.5|) 
(i.e. with K = 0). We consider a special sequence {fn,Zn)n for Hr 
associated to (X, s, A) with s g]1/2; 2/3[. By Proposition l2.12[ we may 
assume that 9{H)fn = fn, for all n. Let us fix some notation. Let 
X G C^{M.) such that 

(3.9) X = 1 on [-1, 1] and X = on M \ [-2, 2]. 

We shall require other properties satisfied by X (see (j3.14|) below). For 
> 1, we set Xr{x) = X{x/R) for all a; G M and Xr = 1 - Xr. We 
denote by Or{-) (resp. or{-)) the Landau symbol O (resp. o) where the 
subscript R means that the bound (resp. the limit) is uniform w.r.t. 
the other variables. 

3.1. Proof of Theorem [ZTl Let X G C;?°(M) satisfying (jSSD and 
(|3.14|) . From Proposition 13.61 and Corollarv 13.21 below, we derive that, 
for all e > 0, 

= hm \\{A)~'fn\\ 

n— >oo 

< hmsup {\\Xr{A){A)-^U\\ + \\Xr{A){A)-^U\\) 

n^oo 

< hmsup {\\XR{A){A)-^fJ + \\XR{A)fJ) = 0{R^'-^+'). 
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Letting R go to infinity, we obtain that t] = 0. By Proposition 12.111 
the LAP holds true for H^- respectively to {!', s,A). □ 

3.2. A "large estimate. We stress that, in this subsection, we 
suppose that 1/2 < s < 1. The aim of this part is to show 

Proposition 3.1. Let X' he closed with X' d X and let {fn-,Zn)n be 
a special sequence for respectively to (X', s, A) with 1 > s > 1/2. 
Assume that the Mourre estimate ()2.5|) holds true with 6 = 1 on X' 
andK = 0. Let X e C^iR) satisfying (jS3)) and ^TPS} (below). Then, 
there exist c' > 0, Ri > 2, and a family (0if,)if,>i in L°°(]R), such that, 
for all R> Ri, 

{f^,[H^,iMmn) > c'\\Xn{A){A)-^fJ' 

(3.10) + OniR~')-\\XniA){A)-'fJ 

+ On{R''-')-\\XR/,{A){AyjJ. 

Corollary 3.2. Under the hypotheses of Proposition [Ql 

(3.11) Va>2s-2, \imsnp\\XR{A){A)-'fn\\=0{R''). 

n^oo 

Proof. Note first that, for a > 0, e > 0, and 6, c G M, 

(3.12) e>aX'^ + bX + c^ =^ |X| < + 0(|6| + |c|), 

the latter term being independent of e. Since (|| (A)^'*/„||)„ is bounded 
by Definition I2.10[ it suffices to prove ()3.11|) for large R. For fixed 
R > Ri, we combine fj3.10p with ()3.12j) and Proposition 12 . 1 5l to get 

limsup \\XniA){A)-'f4 < 0{R-^) 

n— >oo 

(3.13) +0{W-') ■ limsup \\XR,2{A){Ar^fX'^. 

n— ►oo 

We use a bootstrapping argument. Since (|| (yl)^'^/„||)„ is bounded, so 
is {\\XR,2{A){A)-'fn\\)n. Then dUSD gives (EIID for « = «o = s - 1. 
Now we use this new estimate in ()3.13p to get ()3.11|) for a = ai = 
3(s — l)/2. By induction, we get p.llj) for a sequence («„)„ satisfying 
Oin+i = «n/2 + (s — 1), for all n G N. By a fixed point argument, 
a„ — > 2(s — 1). This yields the result. □ 

Our strategy to prove Proposition 13.11 is the following. We apply the 
strict Mourre estimate (E3D (with K = to Xr{A){A)-'' f^. We move 
the 6{H) to the /„, which absorb them, since 9{H)fn = fn- We want 
to pull the weights Xfi,{A){A)~'^ into the commutator [if,-, A], in order 
to get the term on the l.h.s of with (f)R{t) = t{t)-'^'XR{tf . In 
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view of the proof of Corollary \'A.2\ we need 2s > 1. Our manipulation 
produces of course error terms which should be small. Using s > 1/2, 
we actually prove this smallness if we only move the 0{H) and the 
(A)^^. Choosing appropriate functions 0r, we can move the Xfi{A) 
into the commutator producing an error term which has the good sign, 
up to small enough terms. To this end, we choose more carefully the 
function X in (j3.9|) . We demand that X satisfies (j3.9p and that 

(3.14) X := 1 - X = X+ + 

where Xl^^ = X„ for a E { — ,+}, such that X^- and aX'^ are square 
of some smooth functions (see for instance the appendix in |DGj for 
their existence). Let R > 1. We set X^j^r = Xcr{t/R). Notice that 

~ ~ ~ ~2~2 ~2 

Xr, = X^ R + X_ R and = X^ j^ + X_ j^. 

Proof of Proposition \3.1l Let 

(3.15) h > snp\t\{t)-^'. 

Let > 1 and (pR G C°°(M) defined by 

(3.16) Mt) = E ^lAt){^h-t{t)-'^). 

<tG{-,+} 

For all / e ^, 

{f,[Hr,tMm) = {f,XRiA)[Hr,-tA{Ay'-']XRiA)f) 

(3.17) +2 J2 Mf,i^h~A{A)-^')X^^RiA)[H^,iX^^RiA)]f). 

We can find some Ri > 2 (see Lemma IHTil below) such that, for R > Ri, 

(X^(A)/„, [H^, -tA{A)-'^]XR{A)f^) > c'\\XRiA){A)~^fJ' 

(3.18) +ORiR-')-\\XRiA){A)-'fJ 

with c' = (2s — l)^^c/2 > 0. Since we are not able to estimate properly 
the second term on the r.h.s of ()3.17|) . we indend to use some positivity 
argument to get rid of it. In view of ()B.4|) . we choosed 4>r in (j3.16|) 
such that, the function ipR G C^(IR) defined by 

Mt) = R{Mt)~^lmd/dt)H{t)-'n) 

(3.19) = iK)Rmcrh-m-'^)x^,R{t) 

<^e{-,+} 

is the square of a smooth function. We put a factor R in front to 
ensure that the family {iPr)r is bounded in some symbol space (see 
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Lemma rO|l . Notice that supptpR C [-2R, -R] U [R, 2R]. We define 

(3.20) Cr := ^R^^(A) and note that CrXr/2{A) = Cr. 
We can show (see Lemma (3.51 below) that 

(3.21) {CRU,[H^M]CRfn) > 0RiR'^-')-\\XR/2iA){A)-^fJ. 
By Lemma fC 41 

{ClU,[Hr,tAU^) > 0RiR''-')-\\XR/2iA){A)-'Ul 
since \\Xr/2{A){A)-' fj = 0/j(i?°). Now, by Lemma El 
(ah - A{A)-'-^)X^,RiA)[H^, X.,fl(A)]/n) > 

+ OR{R''-')-\\XR/2{A){A)-'f4. 
This yields, together with ()3.17p and ()3.18|1 . the result. □ 
To prove ()3.18|) and ()3.21|) . we need the following lemmata. 
Lemma 3.3. Under the assumptions of Proposition [Ql 

mH),XRiA)]fJ=ORiR^-'), mH),CR]fJ=ORiR^-'), 
mH),{A)-^XRiA)]fJ=ORiR-'). 

Proof. By Corollary IA.31 the families (Xr)/j>i and {iPr'^)r>i are 
bounded in 5", while the family {aR : t > {t)~'^XR(t))R^i is bounded 
in S~^. Furthermore, ] — R,R[ does not intersect the supports of Xr, 
i/jIC^, and aR. By Lemma Fb. 31 

mH),XR{A)]{Ar\\ = mH),XR{A)]{Ar\\=0{R'-'), 

mH),CR]{An=OiR^-'), mH),{A)-^XRiA)]{Ay\\=0{R-'). 

Using the boundness of (|| (A)^'*/„||)„ (cf. Definition I2.10|) . this yields 
the results. □ 

Lemma 3.4. The inequality ()3.18|1 holds true. 

Proof. Applying (Q (with K = 0) to the Xr{A){A)-' f^, 
{eiH)XRiA){A)-^fr,,[H^,tA]eiH)XRiA){A)-'fr.) 

> c\\eiH)XRiA){Ay^f4'. 

Recall that 9{H)fn = fn- By Lemma EIHl 

mH),XRiA){A)-^]fr,,[H^,tA]XRiA){A)-^f^)l 
mH),XR{A){A)-y^,[H^,zA]9{H)XR{A){A)-^f,)\, 
mH),XRiA){A)-^]f^,XR{A){A)-^f^)\, 
mH), XRiA) {AyVn, e{H)XR{A) {A)-^f,) \ 
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are bounded above by Or{R^^) ■ \\Xr{A){A)^'^ fn\\. Therefore, 

{XR{A){A)-^U,[H,,iA]Xn{A){Ar^U) 

> c\\Xn.{A){A)''Uf + Or{R-^) ■ \\Xr{A){A)-^ U\\ 

By LemmaEni for c' = {2s-l)-^c/2, (jTTT^ holds true for R>Ri>2, 
if Ri is large enough. □ 

Lemma 3.5. The inequality ()3.21|) holds true. 

Proof. From ()2.5|) (with K = 0) applied to the Cufn, where Cr is 
defined in ()H.2()|1 . we derive that 

{e{H)CRfn, [Hr,lA]9{H)CRfn) > 0. 

Thanks to ()3.20|) and to the Lemmata 13.31 and IC31 

r mH),CR]fn, [H^,tA]CR{AyXR/2iA){Ar^fr,)\, 
\ mH),CR]U, [Hr,zA]e{H)CR{ArXR/,{A){A)-^U)\ 

are bounded by Or{R^'-^) ■ ||X^j/2(A)(A)-^/„||, yielding ^UT} . □ 

3.3. Absence of mass. The aim of this part is to show 

Proposition 3.6. Under the hypotheses of Proposition [Ql with 1/2 < 
s < 2/3, 

(3.22) lim limsup \\XR{A)fn\\ = 0. 

Proof. Applying (j2ISI) (with K = 0) to the X/j(A)/„, 

{XR{A)f„,9{H)[H,,zA]9{H)XR{A)f^) > c\\9{H)XR{A)fJ\ 

By Lemma f3. 31 

\{[9{H),XR{A)]f^,[H,,zA]XR{A)f,,)\, 
mH),XR{A)]f,„[H^,zA]9{H)XR{A)f^)\, 
mH),XR{A)]f^,XR{A)f^)\, 
mH),XR{A)]fn,9{H)XR{A)f^)\ 

are bounded by Or{R'^~^) ■ \\XR{A)fn\\- Therefore, 

(X^(A)/„, [H,,zA]XR{A)f^) > c\\XRiA)f„f + Or{R'-') ■ ||X^,(^)/nll- 

Since s < 2/3, we can find P > (see Lemma EHI below) such that 

(3.23) \{[H,,XRiA)]f^,zAXR{A)f^)\<OR{R-'')\\XR{A)fJ. 
This yields 

[H,,zAXl{A)]f^) > c||X^(A)/„f + 0^(1) ■ \\XR{A)fr,\\. 
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Now, we combine (j3.12j) and Proposition 12. 15l to arrive at 
limsup \\XR{A)fn\\ = or{1). □ 

n— >oo 

To complete the proof of Proposition 13.61 we show 

Lemma 3.7. Under the assumptions of Proposition fX3l there exists 
P > such that ()3.23|) holds true. 

Proof. We decompose {[Hr,XR{A)]fn,iAXR{A)fn) as 

(3.24) {[H^,XR{A)]XR/2iA)f„.,tAXR{A)f^) 

(3.25) +{[H^,XRiA)]XR/2{A)f„.,tAXRiA)U) 

Since {Xr)r is bounded in (cf. Corollary IA.3|) and since the support 
of Xr does not intersect ] — R,R[, Lemma IB. 31 for k = 1 ensures that 
A[Hr,XR{A)]{Ay is bounded and its norm is 0{R'). Since s < 2/3, 
we can find a e] — s,2s — 2[. This implies, using Corollary 13.21 that 
the absolute yalue of (IT^ is bounded by Or{R'+'') ■ ||Xij(A)/„||, with 
s + a < 0. By Proposition IB. 21 with k = 2, 

[Hr,XR{A)]XR/2{A) = [H^,A]x'ji{A)XR/2{A) + l2XR/2{A) = I2Xr/2{A) 

since suppX'^ fl suppXR/2 = 0. Lemma IB. 31 for = 2 implies that 
AI2Xr/2{A){A)'^ is bounded and its norm is 0{R^~^). In particular, 
the absolute yalue of (IT^ is bounded by 0{R'-^) ■ \\XR{A)fn\\. □ 



4. The LAP for the reduced resolvent. 

4.L Motivation. An interesting consequence of the LAP ()1.2p is the 
following propagation estimate (cf. Kato's local smoothness in lABC^I 
QMEllESil): there exists C > such that, for all / G JT, 

/oo 
||(A)-V*^Ei(if)/frft<C||/||2. 
■oo 

For Ej{H)f 7^ 0, the state e^^^ Ex[H) f must move to "regions where 
\A\ is large" when t ^ —oo and t — *■ +cxd, since the integral con- 
verges. If Hf = Xf with A e J and / ^ 0, then e'^^Ex{H)f = e'^^f, 
\\{A)-'e'^"Ex{H)f\\ = \\{A)-'f\\, and the integral in diverges. 
Therefore, the LAP cannot hold true near an eigenvalue. However it 
is interesting to find out whether the estimate ()4.26|) holds true for 
nonzero states Ej{H)f which are orthogonal to the eigenvectors asso- 
ciated to eigenvalues in X, i.e. nonzero states P^Ex{H)f. Now the 
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reduced LAP fll.3|) on X' with X C X' implies that 

sup \\{A)-\E - z)-^P^Ex'{H){AY'\\ < oo 

since {H — z)^^E^\xf{H) is uniformly bounded, yielding ()4.2(i|l with / 
replaced by P-^f by Kato's local smoothness (cf. [ABG, RS4). Theo- 
rem gives a situation where the latter estimate holds true. 

4.2. Eigenvectors' regularity. Here we extend the result of [C] on 
the regularity w.r.t. A of eigenvectors of H. 

Proposition 4.1. Let I be a bounded, open interval that is included in 
the continuous spectrum of H. Let I" be an open interval such I C X". 
Let H G Cj„{A) with integer k >2. Assume that the Mourre estimate 
fll.ll) holds true on X. Then, for any eigenvector f of H such that 
Ej{H)f = f,feV{A'^-^). 

Proof. Let r G C^il") such that r = 1 near X. Take Hr as in 
Let / be an eigenvector of H such that Ej{H)f = f. It is also an 
eigenvector of Hr with same eigenvalue. As in the proof of Lemma [2.51 
we may replace H par Hr in the commutator in (ll.lj) . Now, we can 
follow the proof in [0], since Hr G C''{A). □ 

Remark 4.2. Proposition 14.11 extends the result in [C] since we only 
assume the "local" regularity H G C^^A). 

4.3. Proof of Theorem II. 4L As in the proof of Theorem 11.21 in Sub- 
section H G Cj„{A), for any open interval X" with X C I". Let 
9 G C^{I). In particular, 9{H) G C^^A). By Remark Ol ^TT} implies 
that PEj{H) is a finite dimensional projection. By Proposition 12.11 
the hypothesis RanPEj{H) C V{A'^) implies that PEj{H) G C2(A) 
Since d{H)P = 9{H)PEx{H), d{H)P G C^iA). Let r G C,°°(X") such 
that r = 1 near X. Let X' be closed with I' dl and 6' G C^(X) with 
9 = 1 near X'. By Lemma 12.51 ()2.5|) holds true (with Hr defined in 
(El). Thus 

P^9{H)[Hr,iA]9{H)P^ > c{9{H)P^f 
(4.27) +9{H)P^K9{H)P^. 

Let 6*1 G C^iX'). Since P-*- : 1 — P projects onto the continuous spectral 
subspace of if, 9i{H)P-^ converges strongly to as the support of 9i 
shrinks to a point. Since K compact, \\K9i{H)P-^\\ goes to in the 
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same limit. Multiplying (j4.27|) by Oi{H) on both sides and taking the 
support of 6i small enough inside X', we obtain 

Around any point of X', we thus can find some infinite interval Xi C X 
such that the projected Mourre estimate ()4.28p below holds true on Xi. 
By Theorem 14.31 the reduced LAP holds true on any closed XJ with 
1[ all. By compacity of X', we get the reduced LAP on it. □ 

So the proof of Theorem II . 41 reduces to the proof of a local and stronger 
version of it, namely 

Theorem 4.3. Let I he a hounded, open interval. Let I" he an open 
interval such X C X". Let H e C^„(A) and assume that, for all 9 E 
C^{X), d{H)P e C^iA). Let T e C~(X") such that t = 1 near I. 
Assume the projected Mourre estimate 

(4.28) P^Ex{H)[Hr,iA]Ex{H)P^ > cEx{H)P^, with c> 0, 

holds true. Then, for any s > 1/2 and any compact interval X' with 
X' C I, the reduced LAP (jl.3j) . respectively to (X', s, A), holds true for 
Ht- and H . 

4.4. Proofs of Theorem 14.31 We shall give two proofs of Theo- 
rem 1^21 The first one is a direct generalization to the present context 
of our proof of Theorem 12.71 The second proof is close to the corre- 
sponding proof in jCGHj and shows that Theorem 12.71 actually applies 
to HP-^. In Remark 14.51 we compare the two proofs. In Remark 14. 6[ 
we comment on Sahbani's result (cf. jSJ) in this context. 

First proof of Theorem \J~^ By Remark 12.31 we may assume that 
1/2 < s < 1. Assume the reduced LAP for H false on some X' C X. Let 
9 e C^{I) with ^ = 1 on X'. Notice that, since 9{H),9{H)P e C^{A), 
9{H)P^ e C^{A). Then, using the proof of Proposition ITTTl and ITT^ 
we can find a special sequence (/„, Zn)n for Hr with positive mass such 
that 9{H)fn = fn = P^fn, for all n. Since 

= {Ar^{H, - z^)'^P^{A)-'{AY{H, - z^)fr,, 

the reduced LAP for Hr on X' must be false. So it suffices to prove 
the reduced LAP for Hr on X'. Using Proposition 12 . 1 ll and 12 . 1^ in a 
similar way, we can show that the reduced LAP for Hr on X' holds 
true if and only if, for all special sequence (/„, Zn)n for Hr such that 
9{H)fn = fn = P^fn, for all n, its mass is 0. Now, we take such a 
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special sequence {fn,Zn)n- Multiplying ()4.28j) on both sides by 9{H), 

(4.29) P^e{H) [Hr, iA]e{H)P^ > c{e{H)P^f. 

Since 9{H)P-^ G C'^{A), we can follow our proof of Theorem 12.71 in 
Section ini yielding the reduced LAP for Hr on X'. □ 

Second proof of Theorem^^ Assume for a while that Theorem 14.31 
holds true if ^ X. Under the assumptions of Theorem 14.31 we can 
find some real fj, such that ^ + X. Notice that H and H + fi have 
the same eigenvalues and eigenvectors and that the eigenvalues of H in 
X are the eigenvalues of H + fi in fi + 1. For any ^9 : M ^ M bounded 
and borelian, (p{H) = (p{{H + fi) — fi), a function of H + fi. Thus the 
assumptions of Theorem 14. 31 are satisfied if H is replaced hy H + fi and 
X by /i + X, and ^ /i + X. Thus, it suffices to prove it when ^ X. 
For any 9 G C°°(M \ {0}), e{H)P^ = 9{HP^) by Lemma lOl below. 
Thus HP-^ G Cj„{A). Furthermore, using Lemma (2. 5t we derive from 
(KM the estimate, for 9 G C~(X) with 9 = 1 near T, 

(4.30) 9{HP^)[{HP^)r,tA]9{HP^) > c9\HP^). 

Now, we can apply Theorem 12. 71 to HP-^ with X = ^~^(1), yielding the 
LAP for HP-^ on I'. Let z G C with lm{z) ^ 0. By Feshbach decom- 
position (see [BF!t] for instance), {HP^-z)-^P^ = {H-z)-^P^. Let 
Re(2;) G X' and s G [0; 1[. Setting 9 = l- 9,we write 

{A)-\H - z)-^P^{A)-' = {A)-'{H - z)-^P^9{H){A)~' 

+ {A)-\HP^ - z)~^{A)" ■ {AY9{H)P^{A)-'. 

Since 9{H)P^ G C\A), {Ay9{H)P^{Ay is bounded by Proposi- 
tion|R2l This yieds the reduced LAP jOl) for H, since {H-z)-^9{H) 
is uniformly bounded for Re(z) G X'. □ 

The second proof of Theorem 14.31 uses the following consequence of the 
Feshbach decomposition (see ^BFSj for instance). 

Lemma 4.4. For all if G C,°°(M\ {0}), ip{HP^)P = and ip{HP^) = 
^{H)P^. 

Proof. Let z G C with \m.{z) ^ 0. By Feshbach decomposition, {HP^ — 
z)-^P^ = {H - z)-^P^. Using dnil), <^{HP^)P^ = y^{H)P^. Since 
RanP is contained in the kernel of HP-^, (f{HP^)P = (p{0)P = 0, by 
assumption on (f. Finally, ip{H)P^ = (f{HP-^) — 0. □ 

Remark 4.5. In the second proof, the idea is to replace H par HP-^. 
Since we push that way the eigenvectors of H leaving in Rani?x(if) in 
the kernel of HP^, they are no longer an obstacle to the strict Mourre 
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estimate on X, if ^ X. The main difference between the two previous 
proofs is probably the use of energy translation for H in the second 
one to avoid the case where G X. 

Remark 4.6. In the second proof, HP-^ G Cjv{A) and ()4.3Up can be 
written as a Mourre estimate for HP^. Under the assumptions of 
Theorem 14.31 Sahbani's result in [Sj applies and the boundary values 
of the reduced resolvent have some Holder continuity. As shown in the 
proof of Theorem 11.41 the assumption "^(if)P G C'^{A)" is satisfied if 
the Mourre estimate holds true on X, included in the continuous 
spectrum of H, and if if G Cj„ (A) , by Proposition 14.11 

4.5. An artificial but instructive example. In this section, we 
construct an example of operators H and A, for which Theorems 11.41 
and 14.31 apply but the Mourre estimate ()1.1|) cannot be true. In par- 
ticular. Theorems 11.21 and 12.71 do not apply to this example. Our con- 
truction is quite artificial but our operators H and A presents some 
structural similarity with operators in jPJj . 

Let J^Q, J^i be infinite dimensional complex Hilbert spaces. Let Hq 
and Aq be self-adjoint operators in J% such that Hq is bounded, Hq G 
C'^{Aq), and such that the strict Mourre estimate (jl.l|) with K = holds 
true for Ho and Aq on some bounded, infinite interval X. For instance, 
we can take suitably a bounded, infinite interval X included in ]0; +oo[, 
J% = V(R'^), Ho a smooth, increasing;, and bounded function of the 
Laplacian on R"^, and Ao the generator of dilation in (cf. |ABG| lM]). 
Let Ai be self-adjoint operator in J^i. Let be a bounded sequence 
in Vi^Af) of independent vectors such that it is bounded for the graph 
norm of A^. Let («„)„ G a sequence of nonzero reals. The serie 
(Sn>o ^n\gn) (s'nDn couvcrgc absolutcly in the Banach space of bounded 
operators on Let C be its sum. It is a self-adjoint, compact 

operator of infinite rank. By Proposition 12.11 each (yn\gn){gn\ ^ C'^iAi) 
and iJ2n>o^n[\9n){9n\,Ai])n couvcrges absolutely, since i\\gn\\)n and 
are bounded. By Proposition IZ^ C G C^(v4i) and [C,Ai] = 
Yl'^=Q^n[\gn){9n\y ^i]- Applying this argument again, this implies that 
C G C'^{Ai). Let A G X. We can choose (an)n such that [A — ||C||; A + 
||C||] C X. Let Hi = X + C. Let H be the bounded self-adjoint operator 
acting in := ^©=^ by Ho(BHi. Let A be the self-adjoint operator 
acting in Jf by © Ai. Since [H,iA] = [Ho,iAo] © [C; iAi] as form 
on 'D{A) X X'(A), the regularity of Hq w.r.t. Ao and the regularity of 
C w.r.t. Ai imply that H G C^iA). Since RanC is infinite dimensional 
and the spectrum of Hi is contained in X, the point spectrum of H 
in X is infinite therefore the Mourre estimate ()1.1|) cannot hold true 
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on X by Remark II. II Since the strict Mourre estimate for Hq holds 
true on I, Hq has no eigenvalue in I by Remark 11.11 Let P be the 
orthogonal projection onto the pure point spectral subspace of H. By 
the previous properties, P-^[H,iA\P^ = P-^{[Ho,iAo\ © 0)P^. Thus 
the strict Mourre estimate for Hq on X implies the strict, projected 
Mourre estimate ()4.28p for H on X. 



Appendix A. Symbolic calculus. 



In this section, we recall well known facts on symbolic calculus and 
almost analytic extensions (see |DGj [Appendix C]). We also show that 
some sequences of functions used in the main text are bounded in some 
symbol class. 

For p G M, let be the class of function Lp E C°°(M; C) such that 
(A.l) VA; e N, Ck{^) := sup {t)-P+''\d^^{t)\ < oo. 

We also write y?^'^-' for d^ip. Equiped with the semi-norms defined by 
(jA.lll . is a Frechet space. Leibniz' formula implies the continuous 
embedding: 

(A. 2) ■ SP' C SP-^f' . 



For the functional calculus of the operator A (see flB.im . we shall use 
the following result in |DGj on almost analytic extension. 



Lemma A.l. Let ip E S'' with p G R. For all I G N, there is a smooth 
function (/^'^ : C — > C, call an almost analytic extension of ip, such that: 



(A.3) ^% = ^, 1^(^)1 < ci(Re(z))^-^-'|Im(^)|' 

(A.4) suppv?*^ C {x + iy \ \y\ < C2(x)}, 

(A. 5) (p'^{x + iy) = 0, if X ^ snppip. 

for constants C\, C2 depending on the semi-norms (lA.ll) of ip in S^. 



The function Xr, given by ()3.9|) . belongs to S'', for any p and any R. 
But we need to know that the family (x_r)_r>i is bounded in some S''. 

Lemma A.2. Let r G C°°(M;M) such that t' G C~(M*;M). Then the 
family ('r^)/j>i; with tr{x) := t{x/R), is bounded in 5°. 
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Proof. Let k E N. The semi- norm Cjt(r) (cf. ()A.1|) ) is bounded above 
by the (sup suppr'^'^^)'^ times the L°°-norm of r*^'^^ For R > 1 and t G M, 

(A.6) \t\>' ■ \{rn)^'\t)\ = {\t\/R)>' ■ \T^'\t/R)\ < C,{r). 

Thus (t/j)/j>i is bounded in 5°. □ 

Concerning the functions defined in ()3.9|) . ()3.14|) and just after ()3.14|) . 
we have the 

Corollary A. 3. Lemma VK^ applies to t = X, X, X^, (X^)^^^, (crX^)^/^, 
for a G {— ; +}, and also to their derivatives. 



We now focus on the functions ^/'o-.R; defined in (I3.19|l . 
Lemma A. 4. The family {i\/jijR>i is hounded in . 

Proof. By dTH, 

= {aKf'\x/R){h-ax{x)-^^f'^xy\x/R), 

for all X G M and all i? > 1. By definition of h (cf. fj3.15|) ). x i— >■ 
{h — ax{x)~'^^y^'^ belongs to S^. Now the result follows from Corollary 
[31and □ 

Appendix B. Commutator expansions. 

In this section, we recall Helffer-Sjostrand's functional calculus (cf. 
|HeSl IDCj] ) and commutator expansions (cf. |DGj ). 

Let p < and (f G S'^. The bounded operator y:>{A) can be recover by 
Helffer-Sjostrand's formula: 

i f dip^ ^ ^ 



where the integral exists in the norm topology, by ()A.3|) with 1 = 1. 
This can be extended as shown in 

Lemma B.l. Let k E N, p < k and G S^. Strongly in V{{A)''), 
fpi| holds true. 

Proof Let / G V{{A)'') C V{p{A)) and Xr be like in dHS)), then 
(B.2) p{A)Xn{A)f = ^ ^ ^^^^^(^ - A)-'{A)'f dz A dz, 
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where (fk{t) ■= (f{t){t)~'' belongs to S^^^. By Lemma FOl and ()A.2|1 . 
{^Pk^RjR is bounded in S^'''. Since p — k < 0, the resuh follows from 
[~3]) with / = 1 and the dominated convergence theorem. □ 



Notice that, for some c > and s G [0; 1[, there exists some C > 
such that, for a\\ z = X + iy e {a + ib \ < \b\ < c{a)} (like in ()A.4|) ). 

(B.3) \\{AnA-z)-'\\<C{xr-\yr\ 
Next we come to a commutator expansion. 

Proposition B.2. Let A; G N* and B be a self- adjoint and bounded 
operator in C^{A). Let p < k and ip G S''. In the sense of forms on 
P((yl)^-i) X V{{A)''-'): 

k-l ^ 

(B.4) \^{A),B\ = Y^-^^\A)a^\[B) 

j=i ^' 

(B.5) I ^iz - A)-^sid\iB)iz - AY^dz A dz. 

27r J ^ oz 

In particular, if p < 1, then B G C^{lp{A)). 

Proof. Thanks to Lemma IB.H we can write, as form on V{{A)^) x 

mm-- 

[^{A),B] = ^ [ ^{z-A)-'adAiB)iz-A)-'dzAdz 
= Y.^^jJ^{z-A)-^-'ad\{B)dzAdz 

+ — ! ^{z-A)-''iid\iB)iz-AY^dzAdz. 
2vr Jc dz 

This yields flR4|l on V{{A)^) x V{{A)^). Since B G C'^A), the com- 
mutators ad-^(-B), for 1 < j < fc, are bounded. Now, as in the proof 
of Lemma IB. 11 we see that this form extends to a bounded form on 
V{{A)^-^) X V{{Af-^) since the (f^^^ belong to Sp~^ . □ 

The rest of the previous expansion is estimated in 

Lemma B.3. Let B G C^{A) self-adjoint and bounded. Let ip G S'' , 
with p < k. Let Iki'p) the rest of the development of order k ()B.4|) of 
[(p{A),B], namely ()B.5|) . Let s, s' > such that s' < 1, s < k, and 
p + s + s' < k. Then {A)''^Ik{<f){A)'^ is bounded and it is uniformly 
bounded when ip stays in a bounded subset of . In particular, Ikif) 
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is a bounded operator. Let R > 0. If ip stays in a bounded subset of 
{^eSf\ [-i?; i?] n supp((^) = 0} then {Ry-P~'"'' \\{Ayik{^){Ay \\ is 
uniformly bounded. 

Proof. We will follow ideas from |DGj [Lemma C.3.1]. In this proof, all 
the constants are denoted by C, independently of their value. Given 
a complex number z, x and y will denote its real and imaginary part, 
respectively. Since B e C^{A), ad^(S) is bounded. We start with the 
second assertion. Let ip G 5^, i? > such that [— -R; R\ H supp((/?) = 0. 
Notice that, by ()A.5|) . (^^{x + iy) = for |x| < R. By definition of 
Ik, we consider ()B.5|1 and switch to the variable (x, y) by noticing that 
dz Adz = -2idx A dy. By 

\\{Arh{p){Ar'\\<- [ \^\ ■ ■ We.d'Xmi ■ ^-r^dx A dy 
TT J ' oz ' \yf \y\ 

<Cip) [ [ {x)P+'+''-^-^\y\%\-''-^dxAdy, 

J \x\>R J \y\<C2{x) 

for any /, by ()A.3j) . We choose I = k + 1. We have, 

\\{AYh{p){AY'\\ < C{p) [ {xr+'+^'-'-'dx 

J\x\>R 

< C{p){RY+'+''~^. 

Since C{ip) is bounded when ip stays in a bounded subset of S^, this 
yields the second assertion. For the first one, we can follow the same 
lines, replacing i? by in the integrals, and arrive at the result. □ 

Appendix C. Technical estimates. 

Lemma C.l. Let e €]0, 1 — s[ and suppose B G C^iA) bounded and 
self-adjoint. Then, for all f G , 

{Xn{A)f,[B,-A{Ar^^]Xn{A)f) > 0^(i?-^)||X^(A)(A)-7f 
+(2. - l){XniA){A)-^f, [B,A]XRiA){A)-^f). 

Proof Let D = [B,-{A)-^'A] - {2sA^A)-^'-^ - {A)-^')[B,iA]. By 
Lemma El for A; = 2, as t ^ {t)-^H G S^-^', one has {AY+W{Ay 
bounded for e < 1. Then, using the fact that XFi,/2{t) = 1 for t in the 
support of Xr, 

{XR{A)f,DXn{A)f) = {{Ar'Xn/2iA)XniA){Ar^f,{Ay+WXR{A)f) 

< 0{R-n-\\XR{A){A)-^ff. 
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Since [B,A] E C^(A) and t ^^ {t)-' E S^', Lemma EHl gives that 
{Ay-^'[{A)-', [5, A]]{A)'' bounded for e < 1 - s. Using, like above, the 
contribution of Xr/2{A), 

\{XR{A)f, {2sA'{A)-'^-' - {A)-'^)[B,^A]Xn{A)f) 

- {XniA)f,i2sA'{A)-' - l){A)-^[B,tA]{A)-'Xn{A)f)\ 
< OiR-n\\{A)-^XniA)fr. 

To conclude, observe that \\XR/2{A){ld - A^{A)-^)\\ = 0{R~^). □ 
Lemma C.2. Let B E C^(y4) hounded and self-adjoint. For all f E J^f, 
|(/, (ah - A{A)-'-')X^,niA)[B, - 

{fX,Rm^h - A{Ay'n^^,n{A)[B,A]f)\ 
< OiR'-'-')\\Xn{A){A)-^f\\.\\{A)-^f\\. 

Proof. By Lemma EH we develop the commutator and denote the rest 
by l2- Its contribution is 

{crh - A{Ay'')X„,R{A){Ari2{Ar{A)-'f). 

Note that Xii/2{A)f appears freely thanks to the presence of Xo-,i?(y4). 
By Corollarv IA.3[ (Xo-jj)ij is bounded in 5°. Note also that [—R,R] 
is not contained in the support of Xct^r. Then, from Lemma fB .31 used 
with k = 2,we obtain that {AYhiAy = 0{R^'~^). □ 

Lemma C.3. For B E C^{A) hounded and self-adjoint, 

(1) \\Cr{A)''\\ = 0{R^), for a e M, 

(2) ||[5,Cr](A)°|| =0(i?°-i),/orO<a<l. 

Proof. Since ipR{t) = for |t| ^ [R,2R], the point (1) follows. Since 
(■^i?,)/?, is bounded in (cf. Lemma fA.4|) and since [—R,R] is not 
contained in the support of ipR, we get the point (2) by Lemma IK!3l □ 

Lemma C.4. Let B E C^iA) hounded, self-adjoint. For all f E J^, 

\{CRf,[B,tA]CRf) - {f,Cl[B,tA]f)\ 

<0R{R'^^')-\\Xn/2{A){A)-^f\\-\\{Arj\\. 

Proof Given f E and using (IT^ . 

{Cnf,[B,tA]CRf) = {f,CUB,tA]f) 
- {Xn/2iA){A)-^f,Cn{Ar[Cn, [B,^A]]{Ar ■ {A)-^f). 



26 



SYLVAIN GOLENIA AND THIERRY JECKO 



The last term is estimated above by 

WCniArW ■ \\[Cn, [B,A]]{Ar\\ • \\Xn/2iA){A)-J\\ • \\{A)-J\\. 
Now Lemma f(I3l gives the result. 



□ 
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